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646. 


ON THE GENERAL EQUATION OF DIFFERENCES OF THE SECOND 
ORDER. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. x1v. (1877), 
pp. 23—25.] 


CONSIDER the equation of differences 


Uy, = Ag- Ue—1 + be-s U2, 
viz. we have 
Ug = Ath + Ditos 


Uy = Ugly + Dit, 
Uy = Ags + baths, 
Us = Al, + bits, 


Ug = Ass + bits, 


_ &e., 
and thence 
Us =| dQ, | m+ ly L Aitta, 
+b, 
U= Azat | w+ Agtta | Doty, 
+ a,b, +b, | 
+ ab, 
Us = Ugg Qnty | + “Uaa | Ditto, 

EEI N «i! + a,b 

ENR, + ab; 

+ ahb; 


aj- b,b 
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Ug =i ggg gly | UpAr , UgGgMyQ, | bye, 

+ dyly tsb; + a;b 

+ d;d, bo + AsQ.b, 

+ ds bs + Azab; 

+ A320 by + bab 

+ dsb,b, 

+ azb,b, 

+ abb: 

&e. 


It is now easy to see the law; viz. writing for instance 
Ug = 54321 . un + 5432 . dort, 


then 54321 has a leading term a,@,d3a,a,: it has terms derived from this by changing 
any pair aa, into bı, asa, into b,, aa, into bs, a;a, into b,: it has terms derived by 
changing any two pairs @4@s, G20, into bbi; sd, da, into b,b,; Asaa, Asa, into b,b, 
and so on; where observe that the expression a pair denotes the product of two con- 


secutive a’s. 
And, similarly, 5432 has a leading term a;a,a;¢,; the other terms being derived 


from this in the same manner precisely. 


The solution of w,=lx2(auz,~—Uz-») is included in, and might be deduced from 
the foregoing, but it is convenient to obtain it separately. Supposing for greater 
simplicity that u—ı= 0, m=1 (or, what is the same thing, w= 1, u = ha), then we find 


Uy = i, 
UY = la, 


U2 = [,l,a? — l, 


uz = hkh ha — he |e. 
| +l | 
U,=Ul,l,lat‘—| T GLG VE FG; 
"HAAA 
+ LLL 
t = huhh ha — blll, | a + blih | a, 
+ Lll + Islsl, 
+ Isdl,1, + Isl, 
+ hll 
&c., 
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viz. we may for example write 


Us = ls 4321 . a’ — 4321 (-) a + 4321 (:)a; 
where 
4321 denotes lylah: 


in 4321 (-), we omit successively each number, viz. we thus obtain 


432 + 431 + 421 + 321, 
= Ulsly + Lulh + uhh + lll: 
in 4321 (:), we omit successively each two non-consecutive numbers, viz. the omitted 
numbers being 1, 3; 1, 4; 2, 4, we obtain 
42 + 32 + 31, 
= Ld ot bL + bb: 
and so on, the omissions being each three numbers, each four numbers, &c., no two of 
them being consecutive; thus in 654321 (.°.), the omissions are 5, 3, 1, and 6, 4, 2; or 


the symbol is 
642 + 531 , 


= I, 1,1, + Islsl,. 


on f ; ee it ae 
As an application, a solution of the differential equation ri (« W) +(a@—a)y=0 


is Y =W + Us + ua? + &e., where nUn = aun — Un- and in particular 1’4=aw; the 
equation of differences is thus of the form in question, and retaining /, in place of 
its value, =n?, the solution is w=1, u =ha, m=/,l,a°—l,,. &c. ut suprà. The 
differential equation was considered by the Rev. H. J. Sharpe, who mentioned it to 
Prof. Stokes. 
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